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Abstract 
Jendrol’, S., On face vectors and vertex vectors of convex polyhedra, Discrete Mathematics 118 
(1993) 1199144. 
Denote by p,(M) or v,(M) the number of k-gonal faces, or k-valent vertices, respectively, of the 
convex polyhedron M. A pair of sequences (p,(M) 1 k > 3) and (u,(M) 1 k > 3) associated in a natural 
way with a polyhedron M is called the face vector and the vertex vector of M, respectively. Let 
p=(pL 13 <k f6) and v=(v~ 1 k>4) be a pair of sequences of nonnegative integers satisfying 
xkss(6-k)p,+2x,,,(3-k)uk= 12. Denote by P,(p,u) the set of all nonnegative integers ps such 
that, ifp, is added to p and ug =:(I lr,3 kp,-x,,,kuk) is added to u, the face vector and the vertex 
vector of a convex polyhedron M is obtained. In the present paper we determine, for each pair (p, u), 
the set P,(p, u) except for a finite number of its members. 
1. Introduction 
Let S be a convex polyhedron and let pi(S) or vi(S) denote the number of its i-gonal 
faces or i-valent vertices, respectively. A pair of sequences 
(pi(S)li>3) and (ui(S)ji>3) 
associated in a natural way with a polyhedron S is called the face vector and the vertex 
vector of S, respectively. The problem of determining which pair of sequences of 
nonnegative integers 
(pili33) and (UiIi33) (A) 
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can appear as the face vector and the vertex vector of a convex polyhedron seems 
difficult. It has been considered by many authors. For a survey, see e.g. [S-9, 18,201. 
The purpose of the present paper is to make some contributions towards the solution 
of this problem. 
The well-known Euler polyhedral formula as applied to the elements of (A) leads to 
the following necessary conditions: 
and 
iFS(6-i)pi+2 C (3-i)ui=12 (1) 
i>3 
iF3 (4_i)(Pi+ui)=8. (2) 
, 
An interesting property of (1) is that it gives no information about the values ps and 
uj. However, the next clear necessary condition 
C iui= C ipiEO(mod2) 
i>3 ik3 
(3) 
provides a relationship between v3, p6 and other elements of the sequences (A). This 
brings up the following problem. 
Consider a pair of sequences of nonnegative integers 
p=(pi13di#6) and u=(uiIia4) (B) 
satisfying (1). The pair of the sequences (p, u) determines the set P,(p, v) of all 
nonnegative integers such that the sequence p with any element of P,(p, u) added as p6 
and the sequence u supplemented by u3=3(Ci,, ipi-CiB~iui) are the face vector and 
the vertex vector of a convex polyhedron S. Characterize P,(p, u) for all pairs (p, u). Let 
u* =(Ui = 0 1 i 3 4). In 1891 Eberhard [Z] proved that, for every pair of sequences (p, u*), 
the set P,(p, u*) is nonempty. Griinbaum [5-7,9] renewed the interest in Eberhard’s 
theorem, gave a clear proof and some ramifications and analogues of the theorem and 
posed several problems closely related to that posed above. Many papers concerning 
the sets P,(p, u*) followed, e.g. [l, 4-6, 9-12, 15, 191. 
Jendrol’ and Jucovic [ 131 proved the necessary and sufficient conditions for the set 
P,(p, u) to be nonempty. 
Considering the pair of sequences of nonnegative integers, 
p’=(pi13~i#4) and U’=(Uil3<i#4) 
and the conditions (2) and (3) instead of (1) and (3), one can pose the problem of 
characterizing the set P,(p’, u’) of suitable values p4 (and u4 because of (3)). 
There are many results concerning the set P,(p’, II’), in particular, in the case of 
4-valent convex polyhedra. See e.g. [3,5,7,9,16,18,21]. The most general result in 
this direction is the one of JucoviE [17]. 
Theorem 1.1. For every pair of sequences (p’, u’) satisfying (2), there exists a constant 
d=d(p’,u’) depending on the elements of p’ and u’ such that P,(p’,u’) contains all 
integers > d. 
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The main result of this article is a generalization and unification of the results of 
Eberhard [2], Fisher [4], Griinbaum [S, p. 2721, Jendrol’ [l 11, Jendrol’ and JucoviE 
[14] and Kraeft [19]. In this paper we will determine, for each pair (p, u), the set 
Ps( p, u) up to a finite number of its members. Our result is contained in the following 
theorem. 
Theorem 1.2. Let p = (pi 13 d i # 6) and u = (Vi 1 i 2 4) be a pair of sequences of nonnegative 
integers satisfying (1). 
(i) Zf&a,p,=Ofor kEl(mod2) and C ka3uk=1 for kfO(mod3) then the set 
P,(p, 21) is empty. 
(ii) Zf the conditions of (i) are not satisfied and Cka 3 (pk + uk) < 2 for k f 0 (mod 3) as 
well as Cka3+epm+C nb4 u, -0 (mod 2) then there exists a constant d = d(p, u) depend- 
ing on the elements of p and v such that Pe (p, u) contains all euen integers > d and no odd 
integers. 
(iii) Zf the conditions of(i) are not satis$ed, &a 3 (pk + uk) d 2 for k + 0 (mod 3) and 
c 3Qmf6Pm+C”B4 n- v = 1 (mod 2) then there exists a constant d = d(p, u) depending on 
the elements of p and u such that P,(p, u) contains all odd integer >d and no even 
integers. 
(iv) Zf the conditions of (i) are not satisfied and CLB3 (pk + vk) 2 3 for k +O (mod 3) 
then there exists a constant d = d(p, u) depending on the elements of p and u such that the 
set P,(p, u) contains all integers ad. 
The rest of this paper is devoted to the proof of Theorem 1.2. 
The terms introduced by Griinbaum [S] are used throughout. The existence part of 
the proof comprises the construction of a planar map with a 3-connected graph and 
a prescribed number pk of k-gonal faces and uk of k-valent vertices. The existence of 
a convex polyhedron combinatorially equivalent to such a map is guaranteed by the 
Steinitz’s theorem (see [S, p. 2351 or [18, p. 301). 
2. Basic construction elements 
Basic face construction elements (see [ 11, 121). The face aggregate of a map M, as in 
Fig. la or 2a or 3a (or their mirror images), called an A, configuration, or a B, 
configuration, or a C, configuration, consists of an x-valent vertex, x > 3 (denoted by 
small black circles in these figures), trivalent vertices and an m-gon, ma6, two 
hexagons and one quadrangle, or of an m-gon, m > 6, two hexagons and two quad- 
rangles, or of an m-gon, m > 6, two hexagons and three quadrangles, respectively; the 
m-gon mentioned will be called a basic face of the configuration. (We note that in the 
sequel g, h, i, j, k, 1, m, n, t, x, mean nonnegative integers. We shall denote in the figures 
the size of every nonhexagonal face excluding faces of the X configurations, 
XE{A,, B,, C,, E, F, G, H, U,, V,, W,}, bounded by heavy lines; hexagons are to be 
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denoted only in more important cases. Nontrivalent vertices will be denoted by small 
black circles.) 
Basic face construction steps. A basic construction step transforms a starting map 
A4 into a map h4’; it uses the presence of the X, configuration, XE{A, B, C} in M (see 
Figs. l-3). For the map M’, we have p4(M’)=p,(M)+1, P~+~(M’)=~~+~(M)+ 1, 
pj(M’)=pj(M),j#4,6,m,m+2 and pe(M’)=pG(M)+z (~=2,3 or 7 for X=A,B or 
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C, respectively), p,(M’)=p,(M)-1 (if m#6) or p,(M’)=p,(M)+z-1 (if m=6), 
u,(M’)=v,(M) for m#3, u~(M’)=~(C~~~~~~-C~~~~V~). For continuing the con- 
struction, it is important that transforming an A, configuration (a B, or a C, 
configuration) we get a B,,, configuration (a Cm+2 or an Am+2 configuration) and 
a B, configuration (a C6 or an A, configuration, respectively) (differing only in their 
basic faces). If an (m + 2)-gon is needed, we use the basic construction step to the X, 
configuration; if not, use the X,, 2 configuration producing an (m + 4)-gon. Note that 
the transformation of a C, configuration yields a new C6 configuration face-disjoint 
from Am+2 and A6 configurations (see Fig. 3b); this C6 configuration is not used in 
basic construction steps. 
Basic vertex construction elements are the face aggregates in Figs. 4a or 5a or 6a (or 
their mirror images), called a U, configuration or a V,,, configuration or a W, 
configuration, respectively. The U, configuration, the I’,,, configuration or the W, 
configuration consist of an m-valent vertex, m 3 3 (denoted in figures by small black 
circles), at most one other nontrivalent vertex and a quadrangle and a hexagon or two 
adjacent quadrangles or a triple of quadrangles and a hexagon, respectively. 
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The basic vertex construction step transforms a map M into a map M’; it uses the 
presence of the Y, configuration YE{ U, V, W} in M and changes it in the way as in 
Figs. 4b, 5b and 6b. In the map M’ we have p4(M’)=p4(M)+3, p,(M’)=p,(M)+z 
(z= 10, 9 or 11 for Y=U, V or W, respectively). pi(M’)=pi(M) for all iB3, i#4,6; 
vi(M’)=vi(M) for i>3, if3, m, WZ+~; ~,(M’)=v,(M)-1, v,+3(M’)=~,+3(M)+ 1, 
v3(M’)=v3(M)+t (t=21, 21 or 25 for Y= U, V or W, respectively). For continuing 
the construction, it is important that transforming a Y, configuration we get 
a Y,+s configuration and a C6 configuration. If an (m + 3)-valent vertex is needed, 
then for continuing of the construction, the X, configuration is used, where X = A, B 
or C if Y= U, V or W, respectively. (Note that Y,,,+3 configuration is a part of the X, 
configuration (see Figs. 4b, 5b, 6b).) If not, we continue the construction by using the 
Y m+3 configuration. 
Let M = M (q, w, g, a, b, c) be a polyhedral map on an orientable surface r, of genus 
g with the following properties: 
(i) The sequences q = (qi 1 i > 3) and w = (WC 1 i 3 3) are the face vector and the vertex 
vector of M, respectively. 
(ii) M contains as submaps at least a A, configurations, a 3 0, b B6 configurations, 
b 30, and c Cs configurations, c 20, such that all configurations mentioned are 
pairwise face-disjoint. 
Auxiliary construction elements. The configurations shown in Fig. 7 will play an 
important role together with the basic construction elements. The configuration shown 
in Fig. 7a (or its mirror image, consider without dashed lines) will be designated as an 
H configuration. Fig. 7bd shows configurations which will henceforth be designated as 
E, F and G configurations, respectively. All the vertices of the configurations E and 
F are trivalent. All but one vertices of the configurations G and H are trivalent. 
3. Existence lemmas 
In this section we prove some existence lemmas which are valid for all polyhedral 
maps on the orientable surface of genus g for any g 2 0 (i.e. not only for planar maps). 
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Agreements: 
(i) An assumption in some lemmas in the sequel that an X configuration, 
XE{E, F, G, H}, is in the map M = M (q, w, g, a, b, c) will also mean that the X config- 
uration is face-disjoint with any of the a A, configurations, b B, configurations and 
c C6 configurations of the map M. 
(2) As a simplification, we will not write down the value w3 in the records of vertex 
vectors of maps in the lemmas given below. As shown by (3) the value w3 is uniquely 
determined by the other members of the vertex vector and all the members of the face 
vectors of the map. 
Lemma 3.1. Letj=3k, k>2. If there is a map M=M(q,w,g,a,b,c) with a+b+c#O, 
then there is a map M’=M(q’,w’,g,a,b,c+k-1) with q’=(q:lq:=qi. for all i>3, 
i#4,6,q~=qq+3k,q~=qs+rs)andw’=(w~~w~=wiforalli~4,i#j;wJ=wj+1,w~), 
where r6= lOk, 9k or Ilk ifa#O, b#O or c#O, respectively. 
Proof. Apply the basic vertex construction steps to the appropriate configurations. 0 
Lemma 3.2.a (aEl,2, . . . . 9}).Ifthereisamap M=M(q,w,g,a,b,c)witha+b+c#O, 
then there is a map M’ = M (q’, w’, g, a’, b’, c’) with q’ = (q: 1 q: = qi for all i 2 3, i # 4,6; 
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Table 1 
cd m n f-4 r6 a’ h’ (.’ 
1 3kf1, k>l 31+ I, I> I 3k+3/-4 6 ifk=l=l a-l h c+k+l-1 
llk+lll-21 
2 3k+1, k>l 31+2, 121 3k+31-3 lOk+lll-15 a-l h c+k+l-1 
3 3k+2, k> 1 31+2, 121 3k+3/-2 10k+91-10 a-l b+l c+k+l-1 
4 3k+l, k>l 31+1, 121 3k+31-4 6ifk=l=l a+1 b-l c+k+l-1 
IlkfIll-21, k>2 
5 3k+l, k>l 31+2, 1>1 3k+31-3 9k+lll-13 a b c+k+l-1 
6 3k+2, k>l 31+2, I> 1 3k+31-2 llkflll-9 a b c+k+l 
7 4 4 2 6 a I?+1 c 
3k+l, k>l 31+ 1, />2 3k+31-4 llk+lll-21 a b+l c+k+/-2 
8 3k+l, k>l 31+2, 1>2 3k+31-3 llk+lll-12 a b c+k+l-I 
9 3k+2, k>l 31+2, 122 3k+31-2 llk+lll-9 a+1 b c+k+l-I 
Fig. 8. 
4k=44+r4, 4>=q6+r6) mui w’r(wIIW~=Wi for all i33, i#m,n;wk=w,+l, 
wb=w,+l for m#n, or wk= w,+2 for m=n, wj). For the values of cz, m, n, r4, r6, 
a’,b’,c’, see Table 1; ~{1,2,3} ifa#O, ~{4,5,6} zj”b#Oand ~(~(7,8,9} ifc#O. 
Proof. In the case C(E( 1,2,3,4,7} we use the hexagon-quadrangle pair with a com- 
mon edge and trivalent vertices. The pair is a part of every X6 configuration, 
XE{A, B, C}. Let CI= 1,4 or 7. For creating a pair of 4-valent vertices, see Fig. 8a. To 
obtain a pair of a (3k+ 1)-valent vertex and a (31+ 1)-valent vertex, k>2, 13 1, the 
construction starts as shown in Fig. 8b. Then it continues by using vertex construction 
steps applied to the W7 and W, configurations until the needed pair is created. The 
checking of the numbers of ‘new’ quadrangles, hexagons, A,, B, and C6 configura- 
tions is easy and is left to the reader. 
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Analogously, we proceed in the remaining cases. The initial changes of the corres- 
ponding configurations are shown in Fig. 9a for a = 2, in Fig. 9b for CI = 3, in Fig. 10a 
for cc=& in Fig. lob for cr=6 or 9, and in Fig. 11 for cc=8. Cl 
Lemma 3.3.1~ (uE{ 1,2, . . . , 9)). Let u = (ui 1 i > 4) be a sequence of nonnegative integers 
with a jinite number of nonzero elements and with 1 uk = 0 (mod 2) for 4 d k f 0 (mod 3) 
and letj=3+Ci,,(i-3)ui. Ifthere is a map M=M(q,w,g,a,b,c) with a+b+c#O, 
then there is a map M’=M(q’, w’, g,a’, b’,c’) with q’=(qi lq:=qi for all i33, 
i#4,6, qk=q4+r,, qk=qs+rs) and w’=(w~IwI=wi+ui for all ia4,wj). For the 
values of a, r4, a’, b’, c’, see Table 2; a~{ 1,2,3} ifa #O, cr~{4,5,6} ifb #O and a~{7,8,9} 
if c # 0. The value of r6 is a constant depending on the sequence u. 
Proof. There exists a sequence of maps M, = M, M,, . . , M, = M ‘; 
h= C Ui++ C ui> 
4<irO(mod 3) 4s,+O(mod3) 
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Table 2 
r j r4 a’ b c’ 
1 3k 3k a 
2 3k+l 3kfl a-l 
3 3kf2 3kf2 a-l 
4 3k 3k a 
5 3k+l 3k+l a 
6 3k+2 3k+2 a+1 
1 3k 3k a 
8 3k+l 3k+l a+1 
9 3k+2 3k+2 a 
b 
bfl 
b 
b 
b-l 
b-l 
b 
b 
b+l 
c+k 
c+k 
c+k+l 
c+k 
c+k+l 
c+k+l 
c+k 
c+k 
c+k 
such that the existence of a map M, follows from the existence of a map M,_ 1, z = 1, 
2 , . . . , h, by some of Lemmas 3.1 or 3.2.~ for suitable ~1. Inserting into one from among 
the A, configurations (for a~{ 1,2,3}) or B6 configurations (for a~{4,5,6}) or Cs con- 
figurations (for a~{7,8,9}), respectively, of the map M,, a vertex of 
a valency = 0 (mod 3) or a pair of vertices of valencies + 0 (mod 3) required we obtain 
a map Ml. Inserting a vertex of a valency E O(mod 3) or a pair of vertices of 
valencies +O(mod 3) required into the new A, or B, configuration of M,_ 1 we 
obtain the map M,. (An X6 configuration is called a new one of M,, XE(A, B, C}, 
if it contains a face which has not appeared in the map M,_ 1. It should be remarked 
that at most one of the new A6 configurations or new B, configurations appears in the 
map M, (see Lemmas 3.1 and 3.2~). If neither a new A, nor a new Bs configuration 
appears in M,_ 1, one of the C6 configurations is employed for continuing the 
construction. 0 
Lemma 3.4.a (a~ { 1, . . . , 6)). Zf there is a map M = M(q, w, g, a, b, c) with at least one 
H conjiguration, then there is a map M’ = M(q’, w’, g, a’, b’, c’) with one less H con$gura- 
tion such that q’=(qi[qi=qi for all i>7, i#m, $=gj+rj, j-3,4 and 6, q;=qs-1, 
On face vectors and vertex vectors qf convex polyhedra 
Table 3 
129 
cl m r3 r4 r6 a’ b (.I 
1 6k, k>2 1 3k-1 lOk-6 a b+l c+k-2 
2 6k+l, k>l 0 3k-2 lOk-7 a+1 b c+k-1 
3 6kf2, k>l 1 3k-3 lOk-5 a b c+k-1 
4 6k+3, k>l 0 3k-1 lOk-5 a b+l c+k-1 
5 3k+4, k> 1 1 3k-2 lOk-2 a+1 b c+k-1 
6 3k+5, k> 1 0 3k lOk-2 a b c+k 
qh=q,,,+ 1) and w’=(wI 1 WI= wi for all ia4, w;). For the values of 
CI, m, rJ, r4, re, a’, b’, c’, see Table 3. 
Proof. An insertion of an m-gon, m>7, into an H configuration begins as shown in 
Fig. 7a (include dashed lines). The A7 configuration is a result. If m is odd, the 
construction uses basic face construction steps starting from the A7 configuration. If 
m is even, analogously as above, an (m- 1)-gon is obtained. It appears in the 
X,_ 1 configuration, XE{A, B, C}. It is left to the reader to find how to insert new 
edges into the X,-i configuration to obtain an m-gon, a triangle, hexagons and 
a ‘new’ A, configuration (Bs configuration if X6 = B6, or C6 if X6 = C,) required. 0 
Lemma 3.5.a (ME{ 1,2, . . . , 27); cjI [ll, p. 172, Lemma 3.1x-J). Letf=(fiIi>7) be a se- 
quence of nonnegative integers with a finite number of nonzero elements and let 
j=6+ c (i-6)f,. 
i37 
If there is a map M = M(q, w, g, a, b, c) with a + b +c ~0, then there is a map 
M ’ = M (q’, w’, g, a’, b’, c’) with q’ = (q: 1 q: = qi + s, for 3 < r < 6, qi = qi +fi for all i > 7) and 
w’=(wIIwI=wi for all iB4, w;); for the values of s3,sq,s5,a’, b’,c’, see Table 4; 
cE{1,2, . ..) 9) ifa#O; x~{lO, . . . . 18) ifb#O, ~~(19, . . . . 27) ijc#O. The ualue se is 
a constant depending on the sequence f: 
Lemma 3.6.a (ME{ 1,2}). Zf there is a map M = M(q, w,g,a, b,c) with b #O and 
if k=3m+l, then there is a map M’=M(q’,w’,g,a’,b-l,c+m-1) with 
q’=(q:lq~=qt+sty 361’66, qI=qt for all i37) and w’=(wiIwi=wt for all i>4, i#k, 
~~=~~+1,~~),where,fora=1,s~=2,s~=3m-3,s~=O,s~=4z~m=1 orllm-15if 
m>2, a’=a, and,for a=2, ss=l, s4=3m-2, ss=l, s6=10m+5, a’=a+l. 
Proof. For the case c( = 1, m = 1; see Fig. 12a (without dashed lines). If m > 2, the basic 
change to a Be configuration is in Fig. 12b. There is a W, configuration which is used 
for creating a needed (3m+ 1)-valent vertex. 
In the case a = 2 we proceed as shown in Fig. 12a (including the dashed lines). A U4 
configuration is used to obtain (3m+ 1)-valent vertex. For the construction and 
counting the number of new ‘small’ faces, see the basic vertex construction steps. 0 
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Table 4 
1 6k 
2 6kfl 
3 6kfl 
4 6k+2 
5 6k+3 
6 6kf3 
7 6k+4 
8 6k+5 
9 6k+5 
10 6k 
11 6kfl 
12 6k+l 
13 6kf2 
14 6k+3 
15 6k+3 
16 6k+4 
17 6k+5 
18 6k+5 
19 6k 
20 6k+l 
21 6k+l 
22 6k+2 
23 6k+3 
24 6k+3 
25 6k+4 
26 6k+5 
27 6k+5 
0 
1 
0 
0 
1 
0 
0 
1 
0 
0 
1 
0 
0 
1 
0 
0 
1 
0 
0 
1 
0 
0 
1 
0 
0 
I 
0 
3k-3 
3k-4 
3k-3 
3k-2 
3k-3 
3k-2 
3k-1 
3k-2 
3k-1 
3k-3 
3k-4 
3k-3 
3k-2 
3k-2 
3k-2 
3k-I 
3k-2 
3k-1 
3k-3 
3k-4 
3k-3 
3k-2 
3k-3 
3k-2 
3k-1 
3k-2 
3k-1 
0 
0 
I 
0 
0 
I 
0 
0 
1 
0 
0 
1 
0 
0 
1 
0 
0 
1 
0 
0 
1 
0 
0 
1 
0 
0 
1 
a b c+k-1 
a-1 h c+k-1 
a-l b c+k-1 
a-l h+1 c+k-1 
a b c+k-1 
a-l b+1 c+k-1 
a-l b c+k 
a-l h+1 c+k-I 
a-l h c+k-1 
a b c+k-I 
a+l b-1 c+k-I 
a b-l c+k-1 
a b-1 c+k 
a b c+k-I 
a b-l c+k-1 
a+1 b-l c+k 
a h-l c+k 
a b-1 c+k 
a b c+k-1 
a hfl c+k-2 
a b c+k-2 
afl b cfk-1 
a b cfk-1 
a b cfk-1 
a b+l cfk-1 
a+1 b cfk-1 
a b c+k-1 
A configuration consisting of an A, configuration and a trivalent vertex adjacent to 
the trivalent vertex of the basic hexagon of As, as in Fig. 13a (full lines), will be called 
an A: configuration. The importance of the A: configuration is shown by the 
following lemma. 
Lemma 3.7.a (NE { 1,2}). Zf th ere is a map M = M (q, w, g, a, b, c) with a # 0, A, c A: and 
k=3m+2 then there is a map M’=M(q’,w’,g,a-l,b,c+m-I) such that 
q’=(qilqj=qi for all ia7; q>=qj+rj for 3<j<6) and w’=(w:IwI=wi for all 
i#3,k,w;=w,+,,w;), where,for cc=l,r,=2, r,=3m-3, r,=O, r,=5 or llm-14 if 
m=1orm>,2,respectively.Fora=2,r~=1,r,=3m-2,r,=1,r~=10m-2,m31and 
an H configuration appears in the map M’. 
Proof. For the insertion of a 5-valent vertex into the A,*-configuration for LX= 1, see 
Fig. 13a; for a (3m + 2)-valent vertex, m > 2, see Fig. 13b, where a W, configuration 
appears. 
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(a) 
Fig. 12. 
(b) 
For a=2, see Fig. 13c, where a U, configuration and an H configuration 
appears. 0 
Lemma 3.8 (Jendrol’ [ll, p. 1741). Let M = M(q, w, g, a, b, c) be a map and letf3,f4,f5 
be nonnegative integers satisfying the following conditions: 
(9 3f3+2f4+f5=3q3+2q4+q5, 
(ii) f33q3, q5GGq5+1, 
(iii) f3<2c+q, orf3=2c+qJ+1 and b#O. 
Then there is a map M’ = M (q’, w’, g, a’, b’, c’) with 
w~=(wfIw~=wifor all i>4, w;) and a’30, b’20, ~‘30. 
Lemma 3.9.a (x~{1,2}; cf: Jendrol’ [12, p. 3721). Zf there is a map 
M = M(q, w,g,a, b,c) with c#O, then there is a map M’= M(q’,v’,g,a, b,c*), where 
for a=1 
q’=(qJlqi=qifor all i#6, qd=q6+2t), 
w’=(w~Iw:=WifOr all if3, vj=v,+4t), 
t>O and c*=c, 
for a=2 
4’=(4;14j=q3+1, qk=q4-3,4;= q5+3, qL=q6-3, qi=qifOr Ull i>7), 
w’=(wjIw;=wj--4, wi=wifor all ia4), 
c*=c- 1. 
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Fig. 13. 
Lemma 3.10 (cf. Jendrol’ [l 1, p. 1743). If there is a map M = M(q, w, g, a, b, c) with 
b # 0, then there is a map M ’ = M (q’, w’, g, a, b - 1, c), where 
q’=(q:lq;=q3+Lq;=q4-2, q;= qs+l, qi=q6-1, qi=qifor all i>7), 
W’=(WfIWj=W3-2, W:=WifOr all i#3. 
Lemma 3.11 (cf. Jendrol’ [12]). If there is a map M = M(q, w, g, a, b, c) with at least one 
G configuration, then there is a map M’= M(q’, w’, g, a, b, c) with one less G configura- 
tions such that 
q’=(qi(qi=qifor all i#4, 5,6, qk=qb-1, q;=qs+2, qL=qe-2), 
W’=(W~IW~=WifOr all i34, W;=W3-2). 
Lemma 3.12.a (a~{ 1,2,3,4}). Zf there is a map M = M(q, w, g, a, b, c) with e mutually 
face-disjoint E configurations, then there is a map M’=M(q’, w’,g,a, b,c) with e’E 
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configurations, 
q’=(qiIqi=qj+rj, 3djG6, qi=qifor all i>7), 
W’=(WiIWi=WifOr all i34,W;), 
where for 
cc= 1, e’=e, r3=rq=r5=0, r6=4t, for any t>,l, 
a = 2, e’=e-1, r3=2, r4= -3, rs=O, r,=5, 
a=3, e’=e-1, r3=1, r4=-2, rs=l, re=2, 
CI = 4, e’=e-1, r,=l, rq=-3, rs=3, r-,=1. 
Proof. For CI= 1, see [12, p. 3741. The necessary changes in the interior of the 
E configuration for the remaining cases are left to the reader. 0 
Lemma 3.13.a (NE{ 1,2}; see [12, p. 3751). If there is a map M = M(q, u, g, a, b, c) with 
at least one F configuration, then there is a map M’ = M(q’, v‘, g, a, b, c) with one less 
F configurations and such that 
q’=(qj)q!=qifor all i#4,5,6, qk=q4--r,, q;+rs, qk=qe-z), 
w’=(wIIw;=wifor all i#4,w;), 
where for 
cc=1 r4=2, r,=4, z=3,4,5 or 6, 
cr=2 r4=1, rs=2, z=l,2,3,4. 
Lemma 3.14. Let M = M(q, w,g,a, b,c) be a map with c#O, a+ b< 1 and a pair of 
adjacent quadrangles face-disjoint with a A,, b B, and c C6 configurations of M and let 
f3,f4,f5 be nonnegative integers such that 
(9 f3>q3,f5aq5+4 orfs.3qs+2 andf,bl, 
(ii) 3q, + 2q, + q5 = 3f3 + 2f4 +f5, 
(iii) 3(f,-q,)+(fs-qg)<6c+4b+2a, 
then there is a map M’= M(q’, v’, g, a’, b’, c’) such that 
q’=(qilqJ=fjfor 3djd5, qi’qi, i>7, qb=tfor all tar), 
w’=(wIIwi=wifor i>4, w;), a’>O, b’>O, ~‘20. 
r is a constant depending on the sequences (qi I i > 3, i # 6) and (w; I i 2 4). 
Proof. A very useful transformation of a map into a map M’ called the replacing of 
edges by hexagons, will be described first (cf. [S, 12-14, 181). In this transformation 
every edge of M is replaced by a hexagon in such a way that a pair of neighbouring 
faces in M consisting of a k-gon K and an 1-gon L is replaced by a k-gon K’ and an 
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I-gon L’ in M’ which are separated by a hexagon. The vertices of K’ and L’ are 
trivalent and, at the same time, to every s-valent vertex of M there corresponds in M’ 
an s-valent vertex in the same position which is incident with s hexagons (cf. Fig. 14, 
where the original map is drawn by dashed lines). This transformation - called an 
e-transformation - changes an X, configuration XE{A, B, C}, m 3 6, into a configura- 
tion designated in the sequel by an E(X,) configuration. To obtain the map M’, the 
c-transformation to the map M is used first. The result is the map M, =E(M) with 
c E(C~), one F (as the result of the c-transformation to the pair of adjacent quadrangles 
of M), at most one E(B~) or E(&) configuration, qi(Mi)=qi for i>, 3, if 6, 
q6(M1) = qs + e(M) (e(M) denotes the number of edges of M). All the configurations 
of Ml mentioned are pairwise disjoint. Note that every E(C~) configuration contains 
an E configuration or three pairwise face-disjoint G configurations as submaps. If 
f5 3 q5 + 4, Lemma 3.13.1 is used first to the map Ml, then Lemma 3.12.1 follows. 
A map M, with qi(Mz)=qi for i>3, i#4,5,6, q,(M,)=q,-2, q5(Mz)=q5+4, 
qs(M2)=q6(M1)+t, t30, and wi(M,)=wi(Ml) for i>4 is obtained. To obtain the 
additionalf, - q3 triangles,f, quadrangles andf, - q5 - 4 pentagons required starting 
with the map Mz the next lemmas are used successively: Lemma 3.12.2 is applied 
La-q3)PJ t’ imes, Lemma 3.11 L ( f5 - q5 - 4)/2 J times and, if fj - q3 and f5 - q5 are 
odd, Lemma 3.12.3 or 3.12.4, or the Of configuration is changed into one triangle, one 
pentagon and two more hexagons. (The last in the case f3 -q3 = 2c+ 1 and b = 1.) The 
result is the map M’, required with 
r=y,(Ml)+5[~]-2[~]+ro, roE{O, 1,2}. 
In the case f4> l,fS >q5 +2 the construction of the map M’ continues by applying 
Lemma 3.13.2 to the map M, followed by the same lemmas as in the previous 
case. 0 
4. Basic polyhedra 
Lemma 4.1.a (aE{ 1,2, . . . , 9}). Let w*=(wiIwi=Ofor all i34, w,#O) and let k>l. 
There exist the following maps: 
(1) Pl=M(q, ~*,0,0,0,2), with q=(qilqi=OfOr i#4,6, qe=12+2tfOr ~111 t>,O), 
(2) P,=M(q,w*,O,0,3,0),withq=(qiIqi=Oforalli33,i#4,6,q,=6,q,=9or12), 
i # 4,6, q4= 6, q6 = t for all 
t 3 271, 
(4) Pq= M(q, w*, 0,3,0,0), with q=(qJqi=Of oralli#3,4,6,q,=2,q4=3,q,=tfor 
all t3 18) 
(5) P5 = M(q, w, O,O, 0, k + l), with two face-disjoint H configurations, q =(qi 1 qi=O 
for all i#4,5,6, q4=3k+3, q5=2, q6=llk+tfor all t>,3) and w=(wiIwi=Ofor all 
i#3,3k+L w~+~=l, wg), 
(6) P, = M (q, w, 0, 1, 0, k + l), with one H conjiguration, q = (qi 1 qi=O for all i #4,5,6; 
q4=3k+4, q5=2, q,=llk+t for ~11 t>12) and w=(wilwi=Ofor ~11 i#3,3k+2; 
w%4+2=lr wg), 
(7) P7 = M(q, w, O,O, 0, k + l), with two H configurations, one G configuration (all 
three configurations are face-disjoint) and the same face vector as the map P, , 
(8) P,=M(q,w,0,2,0,k),withq=(qiIqi=Oforalli~3,i#3,4,6;qj=2,q4=3k+2, 
q,=llk+tfor all t>6) and w=(wiIwi=Ofor ~11 i33, i#3,3k+2,~~~+~=1, w,), 
(9) Pg= M(q, w, 0, l,O, m+n), m3 1, n3 1, with one H configuration, q=(qil qi=Ofor 
alli~7;q,=1,q4=3m+3n+1,q,=1,q~=10m+1ln+tfor~llt33)~~dW=(W~=O 
for all i34, i#3m+l, 3m+2, vj,+1=u3n+2=1, we). 
Proof. For c( = 2,3 or 4, see [l 1, p. 1741. For CI = 1, we apply Lemma 3.9.1 to the map 
on Fig. 15. For c( = 5, the construction of P5 starts with the couple of maps in Fig. 16. 
Basic vertex construction steps are used to the W4 configuration, then Lemma 3.9.1. 
follows. Maps in parts a and b of these and next figures differ in the parity of the 
number of hexagons. Analogously, we proceed in the remaining cases. We start with 
maps in Fig. 17 for c( = 6 or 7, in Fig. 18 for CY = 8 and in Fig. 17 (consider dashed lines 
too), respectively. 0 
5. Nonexistence part of the proof of Theorem 1.2 
Part (i) of Theorem 1.2 is proved in Jendrol’ and JucoviE [ 133. The negative part of 
(ii) and (iii) of Theorem 1.2 follows immediately from the corollary of the next lemma. 
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(a) (b) 
Fig. 16 
Lemma 5.1. If M is a polyhedron with C 3Ck~0,mod3,(~k(M)+u~(M))~2 then 
kF3(pk(M)+uk(M))=O(mod2). 
/ 
Proof. In the case Cka4 k u (M)=O the assertion of Lemma 3.16 is the result of 
Griinbaum [S, p. 2721 (see also [18, p. 613). Therefore, suppose that there is a map 
M with C k34~~(M)f0 and Cka3 Pk ( (M)+u,(M))=l(mod2). Change the map 
M into a trivalent map M * in such a way that with every k-valent vertex V of 
M a 2k-gon V* of M * is associated and with every s-gon S of M an s-gon S* of M is 
associated. If k-valent vertex V is incident with an r-gon R in M, then the associated 
faces V* and R* of M * are adjacent. If an r-valent vertex U and an s-valent vertex 
V of M are incident with the same edge, the associated couple faces Zr-gon U* and 
2s-gon V* of M * share a common edge. If in M a k-gon K and s-gon S have 
a common edge connecting the vertices U and V then in M * the corresponding faces 
K* and S* are separated by a couple of adjacent faces U* and V*. For the obtained 
trivalent map M we have 
c Pk(M*)= c (Pk(M)+&(M))= 1 (mod% 
k>3 k23 
which is in contradiction with Griinbaum’s result. 0 
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(b) 
Fig. 17 
Corollary 5.2. If the pair of sequences (B) satisfies the conditions &4k+O(mod3,(pk + I+)< 2 
and C3<&*6Pk+C ka4 &=O(or 1) (mod 2) then the set P,(p, v) contains only even inte- 
gers (or only odd integers). 
6. Constructive part of the proof of Theorem 1.2 
In this section we will distinguish the 49 cases listed in Table 5. These 49 cases, 
together with Theorem 1.2(i) cover all pairs of the sequences (B) which have 
138 
(a) 
(b) 
Fig. 18 
to be considered. Because of the large number of cases, we give only a sketch of the 
proof. Details are left to the reader. They are similar to the proof of the proposition 
of Theorem 1.2 in the case of trivalent polyhedra, see [ll, 121. That is why we 
will consider in the sequel only the pairs of sequences (B) satisfying C~i#O for 
i>4. We also suppose that the pairs of sequences (B) do not satisfy condition (i) of 
Theorem 1.2. 
The proof begins by the choice of a basic map P, depending on the pair of 
sequences (B). The properties of the basic map P and some of the lemmas are used in 
proving the existence of a starting map S=hil(q, w, 0, a, h,c), with the following 
properties: Let 
fi=pi--qi for all i>3, i#4,6, 
Ui=Ui-Wi for all i>3. 
(4) 
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Then: 
(i) f;>O for all i>3, i#4, 6; ui>O for all i>4, 
(ii) a+bd 1, 
(iii) CUi = 0 (mod 2) for 4 6 i + 0 (mod 3). 
Instructions on how to choose the basic map P and to obtain a starting map S from 
the basic map Pare given in details in Table 5. Let 7r=Ck32~3k+l, y=x,,,~~~+~, 
o=Ckalv3k+1 and 5=Cka1v3k+2. The first, second and the third columns of Table 
5 contain the requirements on p4, pS and other members of the pairs of sequences (B), 
respectively. The fourth column says which map P can be chosen as the basic map in 
the case. The fifth column shows which lemmas have to be used to obtain a suitable 
starting map that enables us to realize the prescribed pair of sequences (B). In the 
brackets it is noted which and how many faces and vertices have to be obtained 
according to the lemmas. Xc Y in this column means that an X configuration is 
considered to be the submap of a Y configuration. The empty space in the fifth column 
means that the starting map is the same as the basic map in the case considered. The 
sixth column shows which X6 configuration, XE{A, B, C}, of the starting map is 
chosen for continuation of the construction. Note that the requirement a+ h,< 1 for 
the starting map is guaranteed in such a way that quadrangles and hexagons of all A, 
and B6 configurations, with the exception of at most one, denoted in the sixth column, 
are considered to be the required ones by the pair of the sequences. 
Remark 6.1. For this case, (1) implies xPZk + i = 0 (mod 2) for k 3 3. If cm2 3 pZk + 1 3 2, 
the map P7 is chosen as the basic map. Then Lemma 3.4.2 is used two times (for every 
oddgon ones). For continuing the construction, a C6 configuration is used. If 
CP Zktl =0 for k33, the construction begins with the map P,. To obtain a starting 
map S, the face aggregate as in Fig. 19a (for 1 kal ujk+r 23) or in Fig. 19b (if 
c kalv3k+l=1 and C , k, 1 ~3k+~ 3 2) is inserted into an A, configuration of P,. In the 
first case three U, configurations appear and in the second one a V, and two V5 
configurations appear. By using the vertex basic construction step, the triple of the 
required vertices is obtained and the starting map S is ready. For continuation of the 
construction, an Ah configuration is used. 
Remark 6.2. Both H configurations of P, are used to obtain two 4-valent vertices, two 
new triangles and two more hexagons (instead of pentagons). 
Remark 6.3. Analogously to Remark 6.1, a triple of 5-valent vertices and of one 5-valent 
and two 4-valent vertices are inserted into an A6 configuration as shown in Fig. 20a and 
20b, respectively. To obtain a starting map, the vertex basic construction steps are used 
to the V, configurations and V, configuration to obtain the required vertices of valencies. 
Remark 6.4. Quadrangles of a pair of A, configurations of P8 are used for creating 
a required pair of 5-valent vertices, four new triangles and two more hexagons (instead 
of quadrangles of the A6 configurations). 
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Fig. 19. 
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Fig. 20. 
Having obtained the starting map S, the proof proceeds by showing an existence of 
the map MV(q*, w*, 0, a*, h*, c*) with the properties q* =qi for all i>7, q: <P3, 
Y:GPs, q;=qc5+sg *; SE is a constant depending on the sequence (r+ 1 i >4), w* = Ui for 
all i>4 and a* + b* < 1. The existence of the map MV is proved by using Lemma 3.3~ 
for a suitable CC. The choice of c( depends on the values a and b of the starting map 
S and also on the valuej=3+Ci,,(i-3)ui. If a#O, we choose ~~(1,2,3}; if b#O, 
cc~{4,5,6} and if a+b=O then r~{7,8,9}. Note that Lemma 3.3.~ realizes the 
sequence u = (Ui 1 i > 4) given by (4). 
Using the map MV in the role of the map M and the sequence (fil i>7) in the 
Lemma 3.5.~ given by (4) for a suitable CI we get the map MyF = M(cj, W, 0, 6, b, C) with 
4i=qi+fi=pi for all i>7, qj<fj, q5<f5, q6=qg+ie, Wi=w*=ui for all i34 and 
a+h< 1. (se is a constant depending on the sequence (fi 1 i>,7).) The choice of 
c[ depends on the values of a* and b* (and, therefore, on the values of a, h andj), the 
value of h=6+Ci,,(i-6)fi and in the case h=l (mod2) also on the value of,f3. If 
a*=l,~(~{1,2 ,..., 9};ifb*=l,cx~{lO ,..., 18) and if a+h=O, ~~119, .. . . 27). In cases 
5,6,19,20,35,36 and 39 the map MyF is considered to have p6(MVF) = r6, one of the 
possible values of p6. To finish the proof in these cases, Lemma 3.14 is used. In the 
cases when the basic map is P2, Lemma 3.9.1 is used first and then Lemma 3.8 follows. 
In the remaining cases Lemma 3.8 is applied to the map MyF immediately. Let us 
show two examples: 
(1) Let a pair of sequences (p, U) satisfy case 5. By Table 5, we start with the map Pi 
as the starting map S having the pair of adjacent quadrangles and an A6 configuration 
(all are submaps of a C6 configuration of Pi ). In this casefi = pi for all i 3 7 and Ui = Ui 
for all i34. Let e.g. j=3+Ci,,(i-3)uiE2(mod3), h=6+Ci,,(i--6),fi=5(mod6) 
andf, = 1 (mod 2). We have to use Lemma 3.3.3 to obtain a map MV with a* + b* = 0. 
Then we use Lemma 3.5.26 and get a map MyF with a+ h= 0, ?#O and a pair of 
adjacent quadrangles outside any C6 configuration of MVF. Then Lemma 3.14 follows 
and a map M which realizes the prescribed pair of sequences (p, c.) is obtained. 
(2) Let a pair of sequences (p, v) satisfy case 40. P6 is a basic map with (3k+ l)- 
valent vertex. Because of the condition of the case and (1) an oddgon 3 7 is required. 
Let that oddgon be (6m+ 1)-gon. Lemma 3.4.4 ensures the existence of the starting 
map S=M(q,w,O,l,O,m+k) with q=(qilqi=O for all i33, i#4,5,6m+l, 
q,=3(m+k)+2, q5=1, q6,,,+i=l) and M:=(wi(wi=O for all i33, i#3, 3k+l; 
wSk+r=l). For this case,fi=pi for all i37, i#6k+l,f6k+1=~6k+1-1; Ui=Ui for all 
i 3 4, i#3k+ 1, %S+l=r3k+l-l. Let j=3+C(i-3)uizl(mod3) and 
h = 6 + xi>, (i - 6)fi s 2 (mod 6). Because a = 1, we use Lemma 3.3.2 and get a map MV 
with a* =0 and h* = 1. Then we use Lemma 3.5.13. The proof in this case ends by 
using Lemma 3.8. 
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